Abstract. In this note, we prove the K-and L-theoretic Farrell-Jones Conjecture with coefficients in an additive category for fundamental groups of graphs of virtually cyclic groups.
Introduction
In [6] , Farrell and the author proved the Farrell-Jones Conjecture for Baumslag-Solitar groups. Independently, Gandini-Meinert-Rüping proved the Farrell-Jones Conjecture for any fundamental groups of graphs of abelian groups [7] . This in particular includes all Baumslag-Solitar groups. One obvious question one can ask is whether the conjecture also holds for fundamental groups of graphs of virtually abelian groups. One of the key technique difficulties that the previous methods do not work is that amalgamated products of virtually abelian groups in general do not have to be CAT(0); see [3, III.Γ. 6 .13] for an example. However, amalgamated products of virtually cyclic groups are always CAT(0) [3, III.Γ.1.1 (c)]. In the present note, we are not able to deal with all the virtually abelian groups case. But we are able to show the following: [8] . with finite wreath products and coefficients in an additive category by FJCw. The proof is similar to [6] and [7] and depends heavily on them. We try to map the group to some group that is known to satisfy FJCw, then use inheritance properties of FJCw to deduce the main result. The proof also uses crucially a recent result of Bartles [ Proof of (1) - (4) can be found for example in [11, Section 2.3] . (5) is the main result of [2] and [10] noticing that CAT(0) groups are closed under finite wreath products. (6) is proved in [11] . (7) is proved in [7] . (8) Given a connected graph Γ and an oriented edge e ∈ E(Γ), denote its initial vertex by ι(e) ∈ V(Γ) and its terminal vertex by τ(e) ∈ V(Γ). Let e be the edge e with opposite orientation, ι(e) = τ(e) and τ(e) = ι(e). A graph of groups structure G on Γ consists of families of groups (G v ) v∈V(Γ) and (G e ) e∈E(Γ) satisfying G e = G e for all e ∈ E(Γ) and an injective group homomorphism α e : G e ֒→ G ι(e) for each e ∈ E(Γ). We call the pair (Γ, G) a graph of groups.
Theorem A. The K-and L-theoretic Farrell-Jones Conjecture with coefficients in an additive category and finite wreath products is true for fundamental groups of any graphs of virtually cyclic groups.

Remark. The problem whether fundamental groups of any graphs of virtually cyclic groups satisfy the Farrell-Jones Conjecture was discussed before by Roushon in
Given a maximal tree T in Γ, let π 1 (Γ, G, T ) be the group generated by the groups G v , v ∈ V(Γ) and the elements e ∈ E(Γ) subject to the following relations (i) e = e −1 for all e ∈ E(Γ);
(ii) e · α e (s) · e = α e (s) for all e ∈ E(Γ) and s ∈ G e ; (iii) e = 1 if e ∈ E(T ).
We call π 1 (Γ, G, T ) the fundamental group of (Γ, G) relative to T . The isomorphism type of π 1 (Γ, G, T ) does not depend on the choice of T , and we will just call it the fundamental group of (Γ, G) and denote it by π 1 (Γ, G).
Given a graph of groups (Γ, G), there is a corresponding Bass-Serre tree X which π 1 (Γ, G) acts on with vertex stabilizer conjugating to some vertex group of (Γ, G).
Lemma 2.1. Let (Γ, G) be a graph of groups and let
φ : π 1 (Γ, G) → π 1
(Γ) be the quotient map induced by mapping all the vertex groups G v in (Γ, G) to the trivial group. Let X be the corresponding Bass-Serre tree of (Γ, G). Then Ker(φ)\X is still a tree.
Proof Note that π 1 (Γ, G)/Ker(φ) π 1 (Γ) and thus we obtain an induced action of the free group π 1 (Γ) on Ker(φ)\X. Since every vertex stabilizer of π 1 (Γ, G) on X is contained in Ker(φ), the action of π 1 (Γ) on Ker(Φ)\X is free. We see that Ker(φ)\X is the universal cover of Γ and hence a tree.
Proof of Theorem A
In this section, we prove our main theorem. We first prove FJCw for fundamental groups of graphs of groups with vertex groups either Z or Z ⋊ Z/2 and then use this to prove every fundamental group of a graph of virtually cyclic groups satisfies FJCw.
Lemma 3.1. Let (Γ, G) be a graph of groups with vertex groups either isomorphic to Z or
Proof By Proposition 1.1 (3), FJCw is closed under directed colimit, we can assume the graph is finite. Proceeding by induction on the number of edges in G, by Proposition 1.1 (8), we only need to prove FJCw for graph of groups where all the edge groups are infinite.
In fact, let e ∈ Γ be an edge with edge group G e finite. If Γ \ e is disconnected, let Γ 1 and Γ 2 be the two components. Restrict (Γ, G) to the graphs Γ 1 and Γ 2 , we get two graph of groups (Γ 1 , G 1 ) and (Γ 2 , G 2 ). Now π 1 (Γ, G) is a an amalgamated product of the group π 1 (Γ 1 , G 1 ) and π 1 (Γ 2 , G 2 ) along the edge group G e . By Proposition 1.1 (8) , to prove FJCw for π 1 (Γ, G) it is enough to prove FJCw for π 1 (Γ 1 , G 1 ) and π 1 (Γ 2 , G 2 ). Similarly, if Γ \ e is connected, let Γ ′ be the remaining graph and (Γ ′ , G ′ ) be the corresponding graph of groups.
Then π 1 (Γ, G) is an HNN extension of the group π 1 (Γ ′ , G ′ ) along the edge group G e . Since G e is finite, by Proposition 1.1 (8) , to prove FJCw for π 1 (Γ, G) it is enough to prove FJCw for π 1 (Γ ′ , G ′ ). Inductively, we can get rid of all the finite edge groups in (Γ, G) and reduce the proof of FJCw for π 1 (Γ, G) to the case where all the edge groups are infinite. Now notice that any infinite subgroup of Z ⋊ Z/2 is isomorphic to either Z or Z ⋊ Z/2, hence the edge groups of (Γ, G) are either isomorphic to Z or Z ⋊ Z/2. We define another graph of groups (Γ, G ′ ) as follows. Note first that Z ⋊ Z/2 has an unique maximal infinite cyclic subgroup Z⋊{0} and any infinite cyclic subgroup is contained in Z⋊{0}. Thus for each vertex group G v , we can define G ′ v to be the quotient of G v by its maximal infinite cyclic subgroup, hence G ′ v equals Z/2 if G v is isomorphic to Z ⋊ Z/2, {0} otherwise. We define the edge group G ′ e similarly. For each edge e, denote its initial vertex by ι(e) and its terminal vertex by τ(e). Corresponding to each edge e, there is an injective group homomorphism α e : G e ֒→ G ι(e) . Our quotienting out the maximal infinite cyclic subgroup process also induces a map α
ι(e) and we claim that it is well defined and still injecitive, thus we complete our definition of (Γ, G ′ ). Here is the proof of this claim. If G e is isomorphic to Z, then after quotienting out the maximal infinite cyclic subgroup, G e becomes the trivial group. Hence α ′ e is well defined and injective. If G e is isomorphic to Z ⋊ Z/2, then after quotienting out maximal infinite cyclic subgroups, both G e and G ι(e) becomes Z/2. Notice that Z ⋊ {0} ⊂ G e must be mapped to a subgroup of Z ⋊ {0} ⊂ G ι(e) , thus α ′ e is well defined. Notice also that the order 2 element (0, 1) ∈ Z ⋊ Z/2 G e must be mapped to an element of the form (a, 1) ∈ Z ⋊ Z/2 G ι(e) , thus α To proceed we need the following lemma of Farrell-Jones [5, Lemma 2.5].
Lemma 3.2. Let G be a virtually cyclic group. Then G contains a unique maximum normal finite subgroup F with one of the following holds
• (1) the finite case, G = F;
• (2) the orientable case, G/F is the infinite cyclic group;
• (3) the nonorientable case, G/F is the infinite dihedral group.
We proceed to prove our main theorem. Let (Γ, G) be a graph of groups with vertex groups virtually cyclic. By the arguments at the first paragraph of the proof of Lemma 3.1, we can assume the group Γ is finite and all the edge groups are infinite.
At each vertex group G v , let F v be its unique maximum normal subgroup determined by Lemma 3.2. We define a new graph of groups (Γ, G) as follows. (F ι(e) ), denote the induced edge map by α to finite index, we can assume C lies in some conjugate of a vertex group by Proposition 1.1 (1). As in Lemma 2.1, we can map π 1 (Γ, G ′ ) to π 1 (Γ) defined by mapping every vertex group to the trivial group, denote the map by φ. Now q −1 (C) is a subgroup of Ker(φ • q).
On the other hand, we can apply Lemma 2.1 to the map φ•q and we see that Ker(φ•q)\X is a tree. Moreover, Ker(φ • q) acts on X with virtually cyclic stabilizers. By [3, III. Γ.1.1 (c)]
any amalgamated products of two CAT(0) groups along a virtually cyclic group is again a CAT(0) group. Hence Ker(φ •q) is a directed colimit of CAT(0) groups and satisfies FJCw.
Further remarks
In general, let (Γ, G) be a graph of virtually abelian groups. By Proposition 1.1 (3), we can assume the graph is finite and each vertex group is finite generated. Now given a virtually abelian group A, it has a finite index free abelian subgroup B of finite rank. we can embed A into a bigger group B ≀ F for some finite group This seems to reduce the problem to easier cases. However, we do not know how to map these groups to some nice groups that are known to satisfy FJCw.
